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Block Encoding

with low gate count for second-quantized Hamiltonians




Quantum simulation for Quantum sciences

It is hard to understand and predict quantum many-body systems
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Input model of quantum algorithm

Quantum Algorithms often start with a matrix as input

Quantum dynamics Computing spectral Solving linear systems
properties
e—th 0 X — A_1b
v To(H))
Definition (General Idea)
Block encoding is a technique for
embedding a properly scaled nonunitary |0> A
matrix A € CN*N into a unitary matrix Uy U
A

of the form 2

. X) — A1x)
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Block Encoding

Definition (Block encoding)

Given an n-qubit matrix A € C2"%?", if we find a, e € R, , and an (m + n)— qubit
unitary matrix U, so that

I|A — a(<0m| X /zn)UA(|0m> ® bn)|| < e

then U, is called a (a, m, €)-block-encoding of A.

Amplitude oracle:
Oa10) 10) 1) = (Acti110) + /1 = |Acgi 1)) 1) 1

Sparsity oracle:

— D D. — . .
s [ On = O 1) |j) = 10) |c(j, ©))
C
Up= (b ®@Ds® In) (I ® O;) Oa(l ® Ds ® Iy)

Guang Hao Low, and Isaac L. Chuang. "Optimal Hamiltonian simulation by quantum signal processing" PRL (2017).
Andras Gilyén, Yuan Su, Guang Hao Low, and Nathan Wiebe. "Quantum singular value transformation and beyond“ STOC (2019).
Daan Camps, Lin Lin, Roel Van Beeumen, and Chao Yang. "Explicit quantum circuits for block encodings of certain sparse matrices" SIAM Matrix .

Analysis (2024).



Second quantized Hamiltonian

H= thqa Qg + Z hpqrsa aras General Hamiltonian
p<q, r<s

H= Z T(p—q)aja,  Translational Invariant

P,q=0
n—1n—1
H= E E hipgaag |hpy| < Ce=?IP=4l Nearest-Neighbour
p:O q:O
Model Reference Qubit Subnormalization factor T count
2018 Babbush et al. [I]| O(n + log(™)) O(n*) O(n* + log(™2))
General 64 c
This paper O(nQ\/log(”T)) O(n*) O(n? \/log("T))
Factorized |2018 Kivlichan et al. [2] N/A N/A O(n®log(1))
2 2
2018 B sh et al. [| log( 2~ 2 log(Z=
TT Factorized 018 Babbush et al. [1] | O(n + log(™ )2 O(n”) O(n + log (™ )3
This paper O(n + y/nlog(™)) O(n?) O(n + y/nlog(™))
_ 2021 Wan [3] O(n) O(n?) O(n) + PREP
Localized - — 3 = -
This paper O(ny/log®(™2)) O(n?log?(Z)) O(ny/log?(%2))

Babbush et al. "Encoding electronic spectra in quantum circuits with linear T complexity." PRX (2018).
Kivlichan et al. "Quantum simulation of electronic structure with linear depth and connectivity." PRL (2018).
Kianna Wan. "Exponentially faster implementations of Select(H) for fermionic Hamiltonians" Quantum (2021).



SELECT-SWAP circuit
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or) — : | | Data lookup |I) |[0™*) — |I) |datay)
:ZQ; = Number of Data
3) = — 1 :
0) ~& oo oo Word length
X @0 X a4 xas X @12 N )'@" |$a> QUbitS
| | | |
— X X X X X T count
)™ 1 | | | | ¥ ;
— xa2 X X @10 X ————awe—
- = i PRI BV T depth
T T —— -

Guang Hao Low, Vadym Kliuchnikov, Luke Schaeffer. "Trading T gates for dirty qubits in state preparation and unitary synthesis" Quantum (2024).
Shuchen Zhu, Aarthi Sundaram, and Guang Hao Low. "Unified architecture for a quantum lookup table“ arXiv:2406.18030. 7



Construction of amplitude oracle 0,

[bo) [b1) [0™ ) |0)

o) Z 1
2™ —1
H®mb_1 1 .
1) - - > [bo) [b1) [%) 0)
1 COMP i vV 2mb_1
|Omb—1> — g®mb—1 H®ms—1 COMP 1 b1—1 1 omp—1_1

0) > V2me—l 5T V2m-1 =

H®m’b_1,Z o —
52 o) o) |07 (a0 41— 7 1)) + I )

Direct Sampling

Babbush et al. "Encoding electronic spectra in quantum circuits with linear T complexity." PRX (2018).



Construction of sparsity oracle O, .-

p,q=0
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Diyi Liu, Weijie Du, Lin Lin, James P Vary, Chao Yang. "An efficient quantum circuit for block encoding a pairing Hamiltonian"
Journal of Computational Science 2025




Block Encoding of one-body interactions

__________________________________________________________________________
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Kianna Wan. "Exponentially faster implementations of Select(H) for fermionic Hamiltonians" Quantum (2021).
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Second quantized Hamiltonian

H = thqa aq + Z hpqrsa aras

p<q, <8

H = i T(p—q)ala

General Hamiltonian [H, n]=0

Translational Invariant

p,q=0
n—1ln—1
H = E E hpq@lag hpy| < CeoIP=dl Nearest-Neighbour
p=0 ¢q=0
Model Reference Qubit Subnormalization factor T count
G | 2018 Babbush et al. [!] | O(n + log(”;—él)) O(n?) O(n* + log(%))
enera
This paper O(n+ A1 log(%)) O(n?) O(% + A1 log(%))
Factorized |2018 Kivlichan et al. [”] N/A N/A O(n® log(1))
_ 2018 Babbush et al. [[] | O(n + log(ﬁ)) O(n?) O(n + log('rb2 )
T1 Factorized e
This paper O(n + A2 log(™-)) O(n?) O(n + 3= 5+ A2 log(—))
, 2021 Wan [] O(n) O(n?) O(n) + PREP
Localized _ = 5 5 2 - - Y =
This paper O(n + Az log(™-)) O(n” log” (%)) O (2—3 log“(2=) + A3 log("T))
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n —particle Hamiltonian Block Encoding
Hznzlh.pa;ap.

=1
7
10) P9y | ) 5—A> % (haddi(j) 0) + \/1 —ht \1)) 4)|5)| State-dependent amplitude oracle O 4
i=0
n;og:)>0} o X1 - - L2} - - El - Olog(ﬂ)> Olog(n)> H e le Olog >
o $ T $ T $ T
OOCC . . .

- ; P i) [0 >|3> = 1i) ladds () 1)
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Indirect diffusion
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n —particle Hamiltonian Block Encoding

n—1
H = Z hpa;ap.
p=0

n—1
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|0tes(n)y = E — {®los(n) |- , \/,'—7 : |1> |?’) laddi(J» |.70> |-71> e ’Jn—l)
E OIDF Oocc : Oocc Oocc : z:[;
ogty ! : sw 1 & , o
0f277) : I : ? Z 1) |2) laddi(3)) |Jadd¢(j)> k..
| Oa : : n—1
0me—1Y) — . cNoT 1 ) ) ) : .
T ; : ; " |0, add:(1)))) 1) [add: (1)) |aaa,) * * -
Sampling |0) — : © ! \/’,—7 1=0
Validation |0) | : : swt 1 U . . . . .
i i : ——— ) |o(j,add;(j))) |i) |add;(5)) |7)
) =L (——] 1 Vi
T STATEDEPENDENT On | STATE.DEPENDENT Oc

13



n —particle Hamiltonian Block Encoding

n—1
H = Z hpa;{]ap.
p=0
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How does the subspace influence complexity

n—1 T n—ln—1
— — T
H E hpapap H = Z Z hpqa,aq.
p:O p=0 g=0
Number of data: n Number of data : n?
7 nij
Word length my, : log(— Word length my :  log( —
€ €
a: 7 a: nn
Model Reference Qubit Subnormalization factor T count
a | 2018 Babbush et al. [1] | O(n+ log[l:}) O(n*) O(n* 4 log(%)}
This paper On+ X1 log[“—i:"’i)] O(n?n?) O(nlog(n) + % + 1 lcg(ﬁ:)]
Factorized [2018 Kivlichan et al. [7] N/A N/A O(n? log[%})
n? n? n + log(L
TI Factorized 2018 Babbush et al. [1] O(ﬂj—lc}g =) O(n?) O(n+1 g(f)}
This paper O(n + Az log(™1)) O(nn) O(nlog(n) + ;_& + Az log( 1))
_ 2021 Wan [ /] O(n) O(n?) O(n) + PREP
Localized — — - - — 2 h - -
This paper O(n + Az log(L-)) O(n?log?(L))  |O(nlog(n) + §-log(*=) + Az log(*L))
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Block Encoding for Structured Hamiltonian

Translational Invariant

n—1
_ _ T
H = T(p q)apaq
p,q=0
‘Ologn) _EE 1 f » E
07 5 ——{ 1]
0) —— :
' | SUB SUB | 1
‘Ologn) : :
j0™2) ‘ B B '
data data
lookup lookup
Og . Op
Direct
j0me=t) : — Sampling [
|0)
0) .
| Oc
17)

______________________________________

O 4 for translation invariance

Number of data :
Word length my :

«

n
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Block Encoding for Structured Hamiltonian

Nearest-Neighbour

n—1ln—1
E E —alp—q|
p=0 ¢q=0
o=y —{ # [—m B —8—{ ]
o) —{ i H— o ]
|0'°s ™) — SUM SUM
: data data |
|0™?) ————— lookup |— — lookup H
! Op Op |!
|Dmb—1) : Sa.mpling
|0)
|0)
Oc
|7)
" Ou for N.N. Hamiltonian  Og for N.N. Hamiltonian

n
Less data Ip—q| < C'log (;)

Number of data : nlog (_n )
€
Word length m, : log(—n ) + log (log(—n ))
€ €

n
Q nlog(—)

€

Large « \/—Z\p) lp—1)10) + Z\P) lp+1)[1)

18



Conclusion

* We develop Block Encoding with reduced T gate count for general
second-quantized Hamiltonian

- We develop 7 particle Hamiltonian with state-dependent O 4 and
state-dependent Oc . through indirect diffusion. This gives smaller
subnormalization factor and smaller T gate count.

* We extend the frameworks to structured Hamiltonians
Future work

- Non-binary block encoding
* More structured Hamiltonians: lower bound and construction
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